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Resource-Constrained Project Scheduling under Uncertainty: 

Models, Algorithms and Applications 

Haitao Li 

Department of Logistics and Operations Management 

College of Business Administration 

University of Missouri, St. Louis, MO 63121 

 

I. Research Objective 

 

This research aims to develop new optimization models and algorithms for project scheduling 

under both resource constraints and uncertainties, a problem known as the stochastic resource-

constrained project scheduling problem (SRCPSP [1]) in the operations research (OR) and 

scheduling literature. In a typical SRCPSP, a decision-maker attempts to obtain a feasible schedule 

of project tasks such that: (i) their temporal/precedence relationships are satisfied; (ii) the available 

resource capacity is not exceeded in each time period; and (iii) the expected project makespan is 

minimized. Using the developed modeling and solution methodologies, it is our goal to enhance 

the quality of decision-support for scheduling complex large-scale projects in military, 

manufacturing, construction and professional service sectors.  

 

II. Technical Approach 

 

Solving an SRCPSP is challenging because: (i) its deterministic counterpart, namely, the RCPSP, 

is well-known to be NP-complete with a large combinatorial solution space; (ii) one also needs to 

consider a large number of scenarios about the random problem parameters, e.g., stochastic task 

durations. In this research, we model the SRCPSP as a sequential decision problem under 

uncertainty, known as Markov decision process (MDP [2]). To overcome the well-known “curse-

of-dimensionalities” of the classical dynamic programming (DP) method based on the exact 

Bellman recursion, we have developed an approximate dynamic programming (ADP [3]) solution 

framework to obtain computationally tractable near-optimal solutions.  

A schematic sketch of the algorithmic structure is provided in Figure 1. It is built upon three 

main techniques, i.e. forward iteration, value function approximation and deterministic solver.  

Instead of iterating backward as in the classical Bellman recursion, ADP steps forward in time 

following a particular sample path of random parameters generated by Monte Carlo simulation. 

This avoids the need of exhaustively visiting all possible MDP states. The essence of ADP is to 

replace the exact cost-to-go function with some form of approximation, e.g., through valuation 

function approximation, or the rollout policy [4] that works well for combinatorial optimization. 

In addition, an effective and efficient deterministic solver is needed to handle the deterministic 

sub-problem associated with a particular sample path in each ADP iteration. Due to combinatorial 

nature of SRCPSP, traditional math programming methods, such as linear programming and 

integer-programming, are often not able to perform well. An innovative component in our ADP 

algorithm is to employ constraint programming (CP [5]) based methods, originated in the artificial 

intelligence (AI) area, to model and solve the sub-problem in each ADP iteration. A flow chart of 

the basic hybrid CP-ADP algorithm is provided in Figure 2, where constraint propagation and CP 

search procedures are employed as the base policy for solving each sub-problem.   
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III. Research Significance 

 

Our new modeling and solution methodologies for SRCPSP developed in this research project 

have significantly advanced the state-of-the-art research and practice in project scheduling. Figure 

3 depicts the evolution of research on scheduling projects/programs since the 1950’s. Although 

widely used today, neither the well-known critical path method (CPM) nor the program evaluation 

and review technique (PERT and the later GERT), copes with the issue of limited resource 

availability. Majority of the research in the past three decades have focused on the deterministic 

RCPSP; while the more realistic and challenging SRCPSP has attracted much research efforts in 

recent years.  

Most of the existing solution approaches to SRCPSP are open-loop in nature, because they 

attempt to find a feasible sequence/schedule of all tasks at the time of project start, without utilizing 

information arrived during project execution. Such predetermined schedule is static and not 

updated during real-time execution. In contrast, our ADP framework is a closed-loop approach, 

where scheduling decisions are made in a sequential and dynamic fashion, which is more flexible 

than an open-loop solution. The main technical innovation of our solution approach is the 

integration of optimization, simulation and CP in a unified ADP framework. Table 1 shows that 

our ADP algorithm outperforms an open-loop GRASP approach by Ballestin and Leus [6] on the 

120-task PSPLIB benchmark instances. Notably, for task durations with non-symmetric 

probability distribution (exponential and beta distributions), our closed-loop ADP algorithm 

outperforms GRASP by significant margins in solution quality. 

Since RCPSP is general enough to include various types of scheduling problems such as job 

shop, flow shop, and open shop in machine scheduling, as special cases, our ADP framework can 

be adapted to deal with the stochastic version of these problems. From the practical perspective, 

our sequential and dynamic closed-loop solution framework enables the data-driven decision-

making paradigm, made possible by the fast growth of IT infrastructure and availability of data.  

 

IV. Scientific Barriers 

 

The solution methodologies developed in this project assume that probability distribution of 

random parameters is known a priori, which is a typical assumption made in stochastic 

optimization. In real world applications, however, probability distribution of task duration can 

either be hard to estimate due to the lack of historical data for a new project; or may evolve over 

time. This leads to an SRCPSP with an incomplete information process. The PI’s ongoing research 

focuses on developing integrated Bayesian updating and ADP methods for optimization with 

incomplete information about uncertain parameters.  

 

V. Accomplishments 

 

Accomplishment-1: Designed and implemented integrated CP-ADP algorithm for obtaining near-

optimal solutions to SRCPSP, which outperforms the state-of-the-art algorithm available. 

 Li, H. and K. Womer (2014) Solving Stochastic Resource-Constrained Project 

Scheduling Problems by Closed-Loop Approximate Dynamic Programming, under 

second-round review in European Journal of Operational Research.  
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Accomplishment-2: Relevant applications in military and manufacturing sectors. 

 Li, H. and K. Womer (2011) Stochastic Resource-Constrained Project Scheduling and Its 

Military Applications, MORS Phalanx, March. 

 Li, H. and K. Womer (2012) Optimizing the Supply Chain Configuration for Make-to-

Order Manufacturing, European Journal of Operational Research, 221(1): 118-128. 

 

Accomplishment-3: Developed integrated Bayesian updating and ADP algorithm for sequentially 

and adaptively optimizing production planning in Made-to-Order programs with incomplete 

information. 

 K. Womer, J. Camm, C. Osterman, R. Radhakrishnan, and H. Li (2013) Made-to-Order 

Production Scheduling using Bayesian Updating, Working Paper, under second-round 

review in International Journal of Production Economics.  

 

VI. Collaborations and Technology Transfer 

 

During the grant effort, I have been actively collaborating with various industrial partners on 

relevant real world applications.  

 With The U.S. Army TRADOC Analysis Center (TRAC) in Monterey, CA: 

Collaboratively developing new RCPSP based optimization models for the Unmanned 

Aerial Vehicle (UAV) Assignment and Scheduling Problem (See Appendix-I).  

 With HP Labs (HPL) in Palo Alto, CA: Collaboratively developed a new model and 

solution approach to simultaneously optimize project portfolio selection and planning.  

 With Mallinckrodt Inc., a pharmaceutical company in St. Louis, MO: Developed a research 

proposal “Accelerating Bioscience Discovery: Learning, Inference and Modeling”, 

submitted to the NSF EPSCoR Program.  

 With several construction companies in Kansas City, MO: Collaboratively developing new 

RCPSP based optimization models for construction project scheduling and resource 

allocation.  

 

VII. Leveraged Funding 

 

 PI, “Optimizing the Project Portfolio Design and Staffing Decisions for Professional 

Service Enterprises”, sponsored by HP Labs Innovative Research Program, $32,200, 

August 2010 to July 2011.  

 PI, “Models and Algorithms for Stochastic Resource Planning”, sponsored by HP Labs 

Innovative Research Program, $72,587, August 2011 to July 2012.  

 PI, “Project and Resource Optimization”, sponsored by HP Labs Innovative Research 

Program, $67,000, August 2012 to July 2013.                  

 CO-PI, “Decision Support Tool Model for Scheduling and Resource Allocation in 

Construction Projects through Application of Operations Research Methods”, sponsored 

by the Interdisciplinary/Intercampus Research Grants of UM System, $37,600, June 2013 

to May 2014.                 

 

VIII. Conclusions 
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In this ARO-sponsored research project, the PI and his team of collaborators have developed 

computationally tractable ADP algorithms for obtaining high-quality near optimal solutions to the 

MDP model of SRCPSP. It offered a first successful development and implementation of a 

sequential and dynamic closed-loop solution paradigm for solving this class of high-dimensional 

MDPs. Our ADP algorithm framework integrates solution techniques in optimization, simulation 

and artificial intelligence to overcome the computational challenge due to curse-of-

dimensionalities. Computational experiments on benchmark instances indicate that our new 

closed-loop ADP algorithms outperform the state-of-the-art open-loop algorithms for this category 

of stochastic optimization problems. In addition, our research team has also explored applications 

of RCPSP on scheduling, production planning, resource allocation and portfolio selection in 

various domains including military, manufacturing, construction and professional service. These 

applications have opened the door of leveraging the modeling and computational advancement of 

ADP for SRCPSP in real life applications.  

 

IX. Technology Transfer 

 

The PI has been working closely with the Technology Commercialization and Economic 

Development Department at the University of Missouri – St. Louis (UMSL) on the technology 

transfer side of the project. Since 2012 two provisional patents and a U.S. patent have been filed: 

 Li, H. (2013). System and Method of Stochastic Resource-Constrained Project Scheduling, 

U.S. Patent Application 61/795,574, filed in October 2013, Patent Pending. (Appendix-II)  

 Li, H. (2012). Hybrid Architecture in Approximate Dynamic Programming for  

            Project Scheduling, Provisional Patent, Attorney Docket Number: 13UMS002prov.           

 Li, H. (2012). Stochastic Resource-Constrained Project Scheduling, Provisional Patent, 

Attorney Docket Number: 11UMS001prov.           

 

Another avenue of technology transfer effort the PI has been pursuing is the collaboration with the 

U.S. Army TRAC – Monterey on their UAV assignment and scheduling application. Our 

conversation started in the Army’s Applied Statistics Conference in Monterey, CA in October 

2012, when we identified that the complex and dynamic nature of the military UAV scheduling 

problem calls for a sequential decision paradigm modeled by MDP; and the successful outcome of 

this project warrants our collaboration to jointly develop new ADP model and solution approach 

to enhance the performance and capability of their current Assignment Scheduling Capability for 

Unmanned Aerial Vehicle (ASC-U) tool. Once proved to be effective, the new model and solution 

approach have the potential to replace the existing ASC-U tool. Our collaborative agreement is 

attached in Appendix-I. 

 

 

X. Future Plans 

 

The outcome and deliverable of this ARO sponsored project have paved the way for future research 

on project scheduling under uncertainty. The goal is to continue building and refining dynamic 

and adaptive data-driven models and algorithms to enhance the quality of decision-making in 

project scheduling and resource allocation in various application domains. The PI has made a clear 

and detailed plan about how to proceed.  
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 Basic research on project scheduling under uncertainty and incomplete information 

process, where the decision maker does not know a priori the probability distribution of 

uncertain problem data such as task duration, resource availability, etc. The PI and his 

research team have already started their efforts in investigating such more realistic and 

challenging problem setting in the context of construction project scheduling (Li and 

Halmen 2013 in Accomplishment-2) and made-to-order (MTO) production planning 

(Womer et al. 2013 in Accomplishment-3). We have developed integrated Bayesian 

updating and ADP algorithms to jointly obtain/improve the posterior probability 

distributions and to optimize decision-making with more information/data available.   

 Basic research on our ADP framework for stochastic machine scheduling problems: flow 

shop, job shop and open shop, etc. Since many classical machine scheduling problems are 

special cases of RCPSP, the modeling and solution framework developed in this project 

for SRCPSP can be applied.  

 Applied research on real world applications including the UAV assignment and scheduling 

and mission planning applications in military, project portfolio and resource planning in 

professional service, and project scheduling in the construction and pharmaceutical 

industries.  

 

The support from the ARO has been crucial for the PI to initiate and build up this line of research 

over the past four years, with his collaborators in both academia and industry. The PI appreciates 

ARO’s continuing support in this and other related line of research in the future.  
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